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 SOLUTIONS 

JULY 2009 

Exercise I (4mks) 

We are given two sequences (𝑈𝑛) defined by 𝑈0 = 2,𝑈1 = 3 𝑎𝑛𝑑 𝑈𝑛 =
4𝑈𝑛−1−𝑈𝑛−2

3
 , and (𝑉𝑛) defined by  

𝑉𝑛 = 𝑈𝑛 − 𝑈𝑛−1 , where 𝑛𝜖ℕ∗ 
a) Let’s show that (𝑉𝑛) is a geometrical sequence and determine the first term and the common ratio. 

 ∗We have 𝑈𝑛 =
4𝑈𝑛−1−𝑈𝑛−2

3
……………(𝑖), 𝑉𝑛 = 𝑈𝑛 − 𝑈𝑛−1  , 𝑛𝜖𝑁…………..(ii). 

 From equation (ii) we have 𝑉𝑛−1 = 𝑈𝑛−1 − 𝑈𝑛−2  …………………… (iii) 

 Substituting equation (i) into equation (ii) gives 𝑉𝑛 =
4𝑈𝑛−1−𝑈𝑛−2

3
− 𝑈𝑛−1 =

𝑈𝑛−1−𝑈𝑛−2

3
=
1

3
𝑉𝑛−1 … (iv) 

From (iii). Therefore,  𝑉𝑛 =
1

3
𝑉𝑛−1  

∗ For 𝑛 = 1, 𝑎𝑛𝑑 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑖𝑛 (𝑖𝑖)𝑔𝑖𝑣𝑒𝑠 𝑉1 = 𝑈1 − 𝑈0 = 3 − 2 = 1 

∗ From (iv) the common ratio is 
1

3
  

Therefore 

𝐹𝑟𝑜𝑚 𝑉𝑛 =
1

3
𝑉𝑛−1𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡𝑉𝑛𝑖𝑠 𝑎 𝑔𝑝. 𝑓𝑖𝑟𝑠𝑡 𝑡𝑒𝑟𝑚 1, 𝑐𝑜𝑚𝑚𝑜𝑛 𝑟𝑎𝑡𝑖𝑜 

1

3
 

 

b) Let’s calculate the general term in terms of 𝑛. 
Generally we have 

𝑉𝑛 = 𝑎𝑟
𝑛, 𝑎 = 𝑉1 = 𝑓𝑖𝑟𝑠𝑡 𝑡𝑒𝑟𝑚, 𝑟 =

1

3
𝑐𝑜𝑚𝑚𝑜𝑛 𝑟𝑎𝑡𝑖𝑜 𝑎𝑛𝑑 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 (𝑎)𝑔𝑖𝑣𝑒𝑠 

  𝑉𝑛 = 𝑎𝑟
𝑛 = 𝑉1𝑟

𝑛 = 1. (
1

3
)
𝑛
= 3−𝑛.  

                                                                  Therefore   

𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑡𝑒𝑟𝑚 𝑉𝑛 = 3
−𝑛, ∀𝑛𝜖𝑁 

c) Let’s calculate 𝑆𝑛 = 𝑉1 + 𝑉2 + 𝑉3 +⋯+ 𝑉𝑛 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝑛 

We have 𝑆𝑛 = 𝑉1 + 𝑉2 +⋯𝑉𝑛−1 + 𝑉𝑛 = (𝑈1 − 𝑈0) + (𝑈2 − 𝑈1) + ⋯+ 𝑈𝑛 − 𝑈𝑛−1   

                                                                          = 𝑈𝑛 − 𝑈0 =
𝑎(1−𝑟𝑛)

1−𝑟
=
𝑉1(1−𝑟

𝑛)

1−𝑟
=
1(1−(

1

3
)
𝑛
)

1−
1

3

=
1

2
(3 − 31−𝑛)   

                                                                                                                      

Therefore, 

   

 

d) Let’s show that the sequence (𝑈𝑛), converge and specify it’s limit. 

      𝑆𝑛 = 𝑈𝑛 − 𝑈0 =
1

2
(3 − 31−𝑛), hence 𝑈𝑛 = 2 +

1

2
(3 − 31−𝑛) =

1

2
(7 − 31−𝑛)  

     𝑈𝑛+1 =
1

2
(7 + 31−(1+𝑛)) =

1

2
(7 + 3−𝑛), 𝑈𝑛+1 − 𝑈𝑛 = 3

−𝑛 > 0…. (e), ∴ 𝑈𝑛 𝑖𝑠 𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔.  

∗ lim𝑛→∞𝑈𝑛 = lim𝑛→∞ [
1

2
(7 + 31−𝑛)] =

7

2
  ………………. (f)  

     

 

 

 

 

Therefore, 

Exercise II (3mks) 

𝑆𝑛 =
1

2
(3 − 31−𝑛), ∀𝑛𝜖𝑁 

𝑠𝑖𝑛𝑐𝑒 𝑈𝑛 𝑖𝑠 𝑠𝑡𝑟𝑖𝑐𝑘𝑙𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑎𝑛𝑑 lim𝑛→+∞𝑈𝑛 = 
7

2
,  𝑈𝑛 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 

7

2
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1) Let’s evaluate, ∫
tanh𝑥

1+cosh𝑥

cosh−1(2)

0
𝑑𝑥, given that 𝑢 = 1 + cosh𝑥 leaving our answer in natural 

logarithm. tanh 𝑥 =
sinh𝑥

cosh𝑥
. 

𝐿𝑒𝑡 𝑈(𝑥) = 1 + cosh(𝑥) = 1 +
𝑒𝑥 + 𝑒−𝑥

2
, 𝑡ℎ𝑒𝑛 𝑈(0) = 1 +

𝑒0 + 𝑒−0

2
= 2 𝑎𝑛𝑑 

       𝑈(cosh−1(𝑥)) = 1 + cosh(cosh−1( 𝑥)) = 3 ,𝑏𝑢𝑡 𝑈 − 1 = cosh(𝑥) 𝑎𝑛𝑑    
𝑑𝑈 = sinh(𝑥)𝑑𝑥  

                           Thus                                 𝐻 = ∫
tanh𝑥

1+cosh𝑥

cosh−1 𝑥

0
𝑑𝑥 = ∫

sinh𝑥

cosh𝑥(1+cosh𝑥)

3

2
𝑑𝑥 

                                                                                          =   ∫
𝑑𝑈

(𝑈−1)𝑈

3

2
= ∫ (

1

𝑈−1
−
1

𝑈
)

3

2
𝑑𝑈 by partial fractions  

                                   𝐻   = [ln|𝑈 − 1|]2
3 − [|ln𝑈|]2

3 

                                                                                               = (ln 2 − ln 1) − ( ln 3 − ln 2) = ln
4

3
 

                                                                                                                            

  

2) Let’s prove that 
𝑑

𝑑𝑥
(tanh−1 𝑥) =

1

1−𝑥2
 and hence or otherwise show that  ∫ tanh−1 𝑥𝑑𝑥

1

2
0

=
1

4
ln [

27

16
]  

∗Let 𝑦 = tanh−1( 𝑥) 𝑡ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑥 = tanh 𝑦  𝑎𝑛𝑑 𝑠𝑒𝑐ℎ2(𝑦)
𝑑𝑦

𝑑𝑥
= 1 but   

 𝑠𝑒𝑐ℎ2(𝑦) = 1 − 𝑡𝑎𝑛ℎ2(𝑦) Therefore 
𝑑𝑦

𝑑𝑥
=

𝑑

𝑑𝑥
(tanh−1 𝑥) =

1

𝑠𝑒𝑐ℎ2(𝑦)
=

1

1−𝑡𝑎𝑛ℎ2(𝑦)
=

1

1−𝑥2
 

∗ By using integration by parts, let’s show that ∫ tanh−1(𝑥)𝑑𝑥 =
1

4
ln [

27

16
]

1

2
0

 

We let {
𝑣(𝑥) = tanh−1(𝑥)

𝑢′(𝑥) = 1            
 ⟹ {

𝑣′(𝑥) =
1

(1−𝑥2)

𝑢(𝑥)    = 𝑥           
 

⟹ ∫ tanh−1(𝑥)𝑑𝑥 = [𝑥 tanh−1(𝑥)]0

1

2
1

2
0

−
1

2
∫ [−

2𝑥

(1−𝑥2)
] 𝑑𝑥

1

2
0

    

                                   =
1

2
tanh−1 (

1

2
)  +

1

2
[ln|1 − 𝑥2|]0

1

2 =
1

2
tanh−1 (

1

2
) +

1

2
ln (

3

4
) 

 =
1

2
.
1

2
ln [

1+
1

2

1−
1

2

] +
1

2
ln (

3

4
) =

1

4
ln(3) +

1

2
ln (

3

4
) 

      =
1

4
[ln 3 + 2 ln (

3

4
) ] =

1

4
[ln 3 + ln (

9

16
)] =

1

4
ln [

27

16
]  

 

Therefore  

 ∎ 
 

 

 
Exercise III (4mks) 
Let’s determine the Cartesian equation of the plane, 𝜏 passing through; 

𝑎) 𝑃(−2; 6; 7)𝑎𝑛𝑑 ℎ𝑎𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟�⃗⃗�(0; 3; 0):  

  Let 𝑀(𝑥; 𝑦; 𝑧) be a point on the plane, then 𝑃𝑀⃗⃗⃗⃗⃗⃗⃗ = [
𝑥 + 2
𝑦 − 6
𝑧 − 7

] , �⃗⃗� = [
0
3
0
],  𝑃𝑀⃗⃗⃗⃗⃗⃗⃗  is perpendicular to 𝜏 hence. 

Implying that 𝑃𝑀⃗⃗⃗⃗⃗⃗⃗. �⃗⃗� = 0⃗⃗ ↔ [
𝑥 + 2
𝑦 − 6
𝑧 − 7

] . [
0
3
0
] = 3(𝑦 − 6) = 0. 

 𝑇ℎ𝑢𝑠            y = 6          

b) 𝑃(−6; 10; 16) And its perpendicular to the right hand side of  𝐴𝐵. 

𝐻 = ln
4

3
 

𝑑(tanh−1(𝑥))

𝑑𝑥
 =

1

(1 − 𝑥2)
   𝑎𝑛𝑑 ∫ tanh−1(𝑥)𝑑𝑥 =

1

4
ln [
27

16
]

1
2

0
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Given, [
1
0
5
] ; 𝐵 [

3
−3
2
] ; 𝐴𝐵 = [

2
−3
−3
] ; 𝐿𝑒𝑡𝑀 [

𝑥
𝑦
𝑧
] ; 𝑡ℎ𝑒𝑛  𝑃𝑀⃗⃗⃗⃗ ⃗⃗ ⃗=[

𝑥 + 6
𝑦 − 10
𝑧 − 16

],  𝜏  is perpendicular to 𝐴𝐵 hence to 

𝑃𝑀⃗⃗⃗⃗⃗⃗⃗. Thus 𝑃𝑀.𝐴𝐵 = 0 ⟹ [
𝑥 + 6
𝑦 − 6
𝑧 − 16

] . [
2
−3
−3
] = 0 giving us , 2(𝑥 + 6) − 3(𝑦 − 10) − 3(𝑧 − 16) = 0  

  𝑇ℎ𝑢𝑠                                                     
 

 

Exercise iv (4mks)  

1) Let’s find the square root 𝑎 + 𝑏𝑖 of the complex number 𝑍1 = 5 + 12𝑖, √𝑧 

   {
𝑎2 + 𝑏2 = |𝑧1|

𝑎2 − 𝑏2

2𝑎𝑏 = 𝐼𝑚(𝑧1)

= 𝑅𝑒(𝑧1) ⟺ {

𝑎2 + 𝑏2 = 13………(𝑖)

𝑎2 − 𝑏2 = 5…………(𝑖𝑖)
2𝑎𝑏 = 11……………(𝑖𝑖𝑖)

  

(𝑖) + (𝑖𝑖) = 2𝑎2 = 18 ⟹ 𝑎 = ±3  

(𝑖) − (𝑖𝑖) = 2𝑏2 = 8 ⇔ 𝑏 = ±2       𝑇ℎ𝑢𝑠    
 

2) Let’s find the modulus and argument of the complex number 𝑧2 =
(1+𝑖)2

(−1+𝑖)4
 

    𝑧2 = (1 + 𝑖)
2(−1 + 𝑖)−4 = √2(𝑐𝑜𝑠

𝜋

4
+ 𝑠𝑖𝑛

𝜋

4
)
2

√2(𝑐𝑜𝑠
𝜋

4
− 𝑠𝑖𝑛

𝜋

4
)
−4

 

         = [√2 (𝑐𝑜𝑠
𝜋

4
+ 𝑠𝑖𝑛

𝜋

4
)]
2
[√2 (𝑐𝑜𝑠

𝜋

4
− 𝑠𝑖𝑛

𝜋

4
)]
−4

 

          = 2 (𝑐𝑜𝑠
𝜋

2
+ 𝑠𝑖𝑛

𝜋

2
)
1

4
(𝑐𝑜𝑠𝜋 + 𝑠𝑖𝑛𝜋) =

1

2
𝑖(−1)  

 

Therefore 

  

3) Let’s calculate 𝑧3𝑧3
∗ and 

𝑧3

𝑧3
∗  if 𝑧3 = 1 + 𝑖√3  

    ∗We have 𝑧3𝑧3
∗ = (1 + 𝑖√3)(1 − 𝑖√3) = 1 + 3 = 4 

     ∗We have 
𝑧3

𝑧3
∗ =

(1+𝑖√3)

(1−𝑖√3)
=
(1+𝑖√3)(1+𝑖√3)

(1−𝑖√3)(1+𝑖√3)
= −

1

2
+ 𝑖

√3

4
,   

                                                                                                                                                                              

.                                                                                                       

Therefore,                     

 

Exercise v (3mks) 

Let’s calculate the following quantities 

a)∫
3𝑥+7

𝑥2+𝑥+1
𝑑𝑥 

𝜕 𝑎𝑛𝑑 𝜑  Therefore ∫
3𝑥+5

𝑥2+𝑥+1
𝑑𝑥 = ∫

3

2
(2𝑥+1)+

7

2

𝑥2+𝑥+1
𝑑𝑥 = ∫

3

2
(2𝑥+1)

𝑥2+𝑥+1
𝑑𝑥 + ∫

7

2

𝑥2+𝑥+1
𝑑𝑥   

 =
3

2
ln(𝑥2 + 𝑥 + 1) +

7

2
tan−1 (

2𝑥+1

√3
) + 𝐶, 𝐶𝜖𝐼𝑅.  

                                                        

Thus, 

b)  ∫
3𝑥+7

√−2𝑥2+𝑥+1
𝑑𝑥 

   Let 3𝑥 + 7 = 𝛾(−2𝑥2 + 𝑥 + 1)′ + 𝜌 ( 𝛾, 𝜌𝜖ℝ)  

Cartesian Equation of the plane is 2𝑥 − 3𝑦 − 3𝑧 + 90 = 0 

𝑧𝐴 = 3 + 2𝑖 𝑎𝑛𝑑𝑧𝐵 = −3 − 2𝑖 

𝑧2 = −
1

2
𝑖 

𝑧3𝑧3
∗ = 4 𝑎𝑛𝑑 

𝑧3
𝑧3
∗ = −

1

2
+ 𝑖
√3

4
 

∫
3𝑥 + 5

𝑥2 + 𝑥 + 1
𝑑𝑥 =

3

2
ln(𝑥2 + 𝑥 + 1) +

7

2
tan−1 (

2𝑥 + 1

√3
) + 𝐶, 𝐶𝜖𝐼𝑅 
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                         = 𝛾(−4𝑥 + 1) + 𝜌 , therefore {
𝜌 =

−3

4

𝛾 =
31

4

     by equating coefficients and solving for 𝛾 & 𝜌. 

∫
3𝑥+7

√−2𝑥2+𝑥+1
𝑑𝑥 = ∫

−3

4
(−4𝑥+1)+

31

4

√−2𝑥2+𝑥+1
𝑑𝑥 =

−3

4
∫

(−4𝑥+1)

√−2𝑥2+𝑥+1
𝑑𝑥 +

31

4
∫

1

√−2𝑥2+𝑥+1
𝑑𝑥 = −

3

4
𝐴 +

31

4
𝐵 

Let 𝑈2 = −2𝑥2 + 𝑥 + 1 , 𝑡ℎ𝑒𝑛 2𝑈𝑑𝑈 = (−4𝑥 + 1)𝑑𝑥  substituting in 𝐴 gives us 
−3

4
𝐴 = −

3

4
∫
2𝑈𝑑𝑈

√𝑈2
= −

3

4
∫2𝑑𝑈 = −

3

2
𝑈 + 𝐾′ = −

3

2
√−2𝑥2 + 𝑥 + 1 + 𝐾′  

31

4
𝐵 =

31

4
∫

1

√−2𝑥2+𝑥+1
𝑑𝑥 =

31

4√2
∫

1

√ 9

16
−(𝑥−

1

4
)
2
𝑑𝑥 , by completing the square 

                                             =
31

4√2
∫

1

√[
3

4
]
2
+[𝑥−

1

4
]
2
𝑑𝑥 =

31

4√2
𝑎𝑟𝑐𝑠𝑖𝑛 (

4𝑥−1

3
) + 𝐾′′ 

∫
3𝑥 + 7

√−2𝑥2 + 𝑥 + 1
𝑑𝑥 =

−3

4
√−2𝑥2 + 𝑥 + 1 +

31

4√2
sin−1 (

4𝑥 − 1

3
) + 𝐾,𝐾 = 𝐾′ + 𝐾′′𝜖ℝ 

Exercise 6 

Let’s consider the probability density function′′𝑝. 𝑑. 𝑓. ′′ defined given by 

 𝑓(𝑥) = {
𝑐𝑥3(1 − 𝑥2), 𝑖𝑓 0 ≤ 𝑥 ≤ 1
0,               𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

a)Let’s calculate the value of the constant 𝑐 
 A continuous random variable𝑋  will be a probability density function 𝑖𝑓𝑓  

𝑓(𝑥) ≥ 0, 𝑎𝑛𝑑 𝑐 ∫ 𝑓(𝑥)𝑑𝑥 = 1
+∞

−∞
 , 

 𝑓(𝑥) ≥ 0 ⟺ 𝑐𝑥3(1 − 𝑥2) ≥ 0 ⟹ 𝑐 ≥ 0, 𝑥3 ≥ 0 𝑎𝑛𝑑 (1 − 𝑥2) ≥ 0 

∫ 𝑐𝑥3(
1

0
1 − 𝑥2)𝑑𝑥 = ∫ 𝑐𝑥3

1

0
𝑑𝑥 − ∫

1

6
𝑐𝑥6𝑑𝑥 = 1

1

0
 , since 𝑥 ∈ [0; 1]  

 =
𝑐

4
[𝑥4]0

1 − [𝑥]0
1 = 1 ⟺

𝑐

4
−
𝑐

6
=

𝑐

12
= 1𝑎𝑛𝑑 𝑐 = 12   

 

b) Let’s find the mean and variance of 𝑋 

  ∗Mean, (𝑋)𝑜𝑓 𝑋 , 

      we have 𝐸(𝑋) = ∫ 𝑥𝑓(𝑥)𝑑𝑥 = ∫ 𝑥[12𝑥3(1 − 𝑥2)]𝑑𝑥
1

0

1

0
= 12∫ (𝑥4

1

0
− 𝑥6)𝑑𝑥  

 =
12

5
[𝑥5]0

1 −
12

7
[𝑥7]0

1 =
12

5
−
12

7
=
24

35
  

 

Therefore 

 

 

∗ 𝑇ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑉𝑎𝑟(𝑋) ,  
     

  we have 𝑉𝑎𝑟(𝑋) = 𝐸(𝑥2) − [𝐸(𝑋)]2 

  𝐸(𝑥2) = ∫ 𝑥2𝑓(
1

0
𝑥)𝑑𝑥 = ∫ 𝑥2. 12𝑥3

1

0
[1 − 𝑥2]𝑑𝑥 = ∫ 12(𝑥5

1

0
− 𝑥7)𝑑𝑥 = 12 [

𝑥6

6
−
𝑥8

8
]
0

1

=
12

6
−
12

8
=
1

2
 

⟺ 𝐸(𝑥2) − [𝐸(𝑋)]2 =
1

2
− (

24

35
)
2
=

73

2230
 ,  

 

Therefore, 

 

c) Let’s determine the mode of 𝑋 

    𝑓𝑟𝑜𝑚 𝑝. 𝑑. 𝑓. ,𝑊𝑒 ℎ𝑎𝑣𝑒 𝑓(𝑥) = [12𝑥3 − 12𝑥5] = 0 ⟺ 𝑓′(𝑥) = 12𝑥2(3 − 5𝑥2) = 0 

  ∴ 𝐸𝑖𝑡ℎ𝑒𝑟 12𝑥2 = 0⟹ 𝑥 = 0, 𝑜𝑟 3 − 5𝑥2 = 0⟺ 𝑥 = ±√
3

5
  

𝑐 = 12 

𝐸(𝑋) =
24

35
 

𝑉𝑎𝑟(𝑋) =
37

2230
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    but 𝑥 ∈ [0; 1] ⟺ 𝑥 > 0 ⇒ 𝑥 = √
3

5
                ∴   

 

d).Let’s show that 6𝑚4 − 4𝑚6 + 1 = 0, 𝑔𝑖𝑣𝑒𝑛 𝑚 𝑎𝑠 𝑎 𝑚𝑒𝑑𝑖𝑎𝑛 𝑜𝑓 𝑋 

If 𝑋 is a continuous random variable in the range 𝑥0 ≤ 𝑥 ≤ 𝑥𝑘  𝑘 ∈ ℝ, 𝑡ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 

𝑡ℎ𝑒 𝑚𝑒𝑑𝑖𝑎𝑛,𝑚 𝑎𝑠 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑋 𝑖𝑓 𝑃(𝑥0 ≤ 𝑥 ≤ 𝑥𝑘) =
1

2
  

𝑖. 𝑒. ∫ 𝑓(𝑥)𝑑𝑥 =
1

2

𝑥𝑘
𝑥0

  

⟹ ∫ (12𝑥3 − 12𝑥5
𝑚

0
)𝑑𝑥 =

1

2
   

⟹ (3𝑥4 − 2𝑥6)0
𝑚 =

1

2
⟹ 6𝑚4 − 4𝑚6 = 1 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒  

 

∎  
 

The mode 𝑥 = √
3

5
 

6𝑥4 − 4𝑥6 − 1 = 0 


