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SOLUTIONS
JULY 2009
Exercise | (4mks)
We are given two sequences (U,,) defined by U, = 2,U; = 3 and U, = 4%‘13& , and (1},) defined by
V, = U, — U,_1, where neN*
a) Let’s show that (1},) is a geometrical sequence and determine the first term and the common ratio.

#We have Uy = 81202 (i), Vo = Up = Uy meN............ (id).
From equation (i) wehave V,,_ 1 = U1 —Up—g ovvvieviiiiiiin.. (iii)
Substituting equation (i) into equation (ii) gives V, = 4U"‘13_U"‘2 —Up_q U"‘1;U"‘2 % 1 ... (iV)

From (iii). Therefore, V,, = §Vn—1

* For n = 1, and substituting in (ii)givesV; =U; — Uy =3 -2 =1
* From (iv) the common ratio is %

Therefore

1 1
FromV, = §Vn_1shows thatV,is a gp. first term 1, common ratio 3

b) Let’s calculate the general term in terms of n.
Generally we have

. 1 : S .
V, =ar™ a =V, = first term,r = 5 commonratio and substituting from (a)gives

V,=ar*=V;r*t = G)n =3

Therefore

| GeneraltermV, = 37", VneN |
c) Let’s calculate S, = V; + V, ¥ V3 + -« 4+ 1}, interms of n
We have Sn = Vl + VZ + "'Vn_l + ‘/TL = (Ul - Uo) + (UZ - Ul) + -+ UTL - Un—l
n
a(1-r™ _ v(1-r") 1(1‘@) ) 1
= =——71

— = _21-n
1-7 1-r T2 B-379

=U,-U, =

3
S, = %(3 — 31-m) vneN

Therefore,

d) Let’s show that the sequence (U,,), converge and specify it’s limit.

Su=Un=Up =@~ 3", hence U, = 2+ (3 — 317") = (7 — 31°")

Uper =5 (7 +335F0) = 2 (7 4 37), Uy — Uy = 37 > 0.....(e), = Uy is strictly increasing.
* 1imy 00 Up = limye0 E (7 + 31'")] = % ................... 6))

; ; ; : ; . 7 7
since U, is strickly increasing and lim,_,,, U, = b U, converges to 3

Therefore,
Exercise Il (3mks)
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cosh™(2) tanhx

1+coshx
sinh x

1) Let’s evaluate, [

dx, given that u = 1 + cosh x leaving our answer in natural

logarithm. tanh x =

coshx’
e*+e7* e +e0
LetU(x) =1+ cosh(x) =1+ > ,thenU(0) =1+————=2and

2
U(cosh™(x)) = 1 + cosh(cosh™(x)) = 3 ,but U — 1 = cosh(x) and
dU = sinh(x)dx
Thus H= fcosh 1x tanhx 3 sinh x

1+coshx X =, m
f— 3 1 l A .
=/ (u 1)u f ( U) dU by partial fractions
H = [InlU 113 — [ U[T3

4
=(In2—-In1)—-(In3 —-1n2) =1n§

5 i -1 1
2) Let’s prove that — (tanh™ x) = —

xLet y = tanh™!(x) then we have x = tanhy and sech? (y)% =1 but
1 1 1
sech?(y) .1-tanh?(y) 1—x2

sech?(y) = 1 — tanh?(y) Therefore % = ;—x (tanh~1%) =

1
* By using integration by parts, let’s show that f2tanh="(x)dx = %ln [%]
_ -1 "(x) = —*
We let {v(fc) = tanh™(x) = { v'(x) (1-x2)
(x)=1 u(x) =x

ﬁfztanh 1(x)dx = [x tanh™ 1(x) - 02[

(1- x2)
= %tanh‘1 (%) + % [In|1 — le]f) = Etanh‘1 G) + %ln G)
1
A p] #ai ()= 2ma) + 2n 2)
1

=2[m3+2m ()| =2[n3+m(2)] =:im[Z

Therefore
d(tanh~(x)) 1 : 1 27 "
I == and J;) tanh (x)dx—41n[16]
Exercise 11l (4mks)
Let’s determine the Cartesian equation of the plane, T passing through;
a) P(—2;6; 7)and has a normal vectorn(0; 3; 0):
x+ 2 0
Let M(x; y; z) be a point on the plane, then PM = y—6|,n= 3], PM is perpendicular to t hence.
z—17 0
x+2] [0
Implying that PM.7 = 0 < y—6]. 3] =3(y—6)=0.
z—7110

Thus y==6
b) P(—6; 10; 16) And its perpendicular to the right hand side of AB.
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1 3 2 X _ [x+6
Given, |0(; B|-3|; AB = |-3|; LetM [y];then PM=|y — 10|, t is perpendicular to AB hence to
5 2 -3 z z—16
. x+6 2
PM.ThusPM.AB=0=|y—6|. —3] = 0givingus, 2(x +6) —3(y —10) —=3(z—16) = 0
z—161 L-3

Thus | Cartesian Equation of the planeis 2x —3y —3z+90=0 |

Exercise iv (4mks)
1) Let’s find the square root a + bi of the complex number Z; = 5 + 12i, vz

a? + b? = |z,| a?+b?=13...... O
a?—b*> =Re(zy) ®{a?>—-b?=5........(i0)
2ab = Im(z;) 2ab =11 ............... (iii)
)+ () =2a®>=18=a =43
(H-(@)=2b*=8=b=42 Thus | z,=3+2iandzg = -3 —2i |

(@+i)?
(=1+i)+
—4

2) Let’s find the modulus and argument of the complex number z, =
2
_ N2 N—4 T . T w . T
Z = +D)*(-1+1) ; \/E(cosz + st) \?(cosz - smz)
= [\/i (cos% + sin g)] [\/7 (cos% —sin %)]

m\ 1 . _ 1.
—)Z(cosn+smn)—zl( 1)

Vs .
=2 (cos— + sin
2 2

Therefore

Zy) = _El

3) Let’s calculate z3z3 and = if z; =1 + iv/3

Z3

*We have z3z3 = (1 +iV3)(1 - iV3)=1+3 =4

zz _ (1+iV3)  (1+i3)(a+iv3) . 1 .3
*We have 7z (1=iW3) (1=i3)(1+iW3) 2 ti 4’
z V3
7373 = 4 and —i= —=+i—
: Z3 4
Therefore,
Exercise v (3mks)
Let’s calculate the following quantities
a)f 3x+7 dx
x2+x+1 . . . .
3x+5 _ E(2x+1)+5 _ E(2x+1) 2
9 and ¢ Therefore fx2+x+1 dx = { Xt X T fx;+x+1 xz {x2+x+1
2 2 7 -1 X+
= 2ln(x +x+1)+ S tan ( 7 )+ C,CelR
Thus, 3x+5 3 ) 7 1(2x+1
f—dx=—ln(x +x+1)+=tan” ( )+C,CEIR
x*+x+1 2 2 V3
b) f 3x+7 X
V=2x2+x+1

Let3x+7 =y(—2x%2+x+ 1) + p (7, peR)
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4

=y(—4x + 1) + p, therefore 31

by equating coefficients and solving for y & p.

Y=7
3x+7 4( 4X+1)+ (—4x+1) 31 _ 3 31
f\/—2x2+x+ - f V=2xZ+x+1 f\/—2x2+x+1 dx + 4 fv—2x2+x+1 dx = 4A + 4 B

LetU? = —2x2+x + 1,then2UdU = ( 4x + 1)dx substituting in A gives us
—A=——fZU"U——EdeU=—3U+K’= — V=22t x+1+K'

3 31
< B= f VW f (x__ =dx , by completing the square
16 4
3 "
f [] [__] dx = 4\/_arcsm( . ) +K
3x+7 -3 31 . —1 4x — 1 ' "
=—/—-2x24+x+1+—=sin ( )+K,K=K + K"eR
V=2xZtx+1 1 4 42 S

Exercise 6

Let’s considgr the pr;)bability density function”'p.d. f."" defined given by
_fex*(1—x%),if0<x<1

feo = { 0, el];ewhere

a)Let’s calculate the value of the constant ¢

A continuous random variableX will be a probability density function if f

f(x) =0,and cfjozof(x)dx =1,

f(x)>0<:>cx3(1—x2)>0=>c>0 x3>0and (1 —x%)>0

f cx3(1—x?)dx —f cx3dx — f —cx6dx =1, since x € [0;1]

:%[x‘*]%,—[x]o—1@2—2—5—1andC—12 | =12
b) Let’s find the mean and variance of X
*Mean, (X)of X ,
we have E(X) = fol xf(x)dx = folx[12x3(1 —x?)]dx = 12fl(x4 x®)dx
—12p 591 _ 120 711 _12 12 _ 24
—S[x]o 7[x]0—5 ~ T 33
Therefore cox 24
T
* The value of Var(X) ,
we have Var(X) = E(x?) — [E(X)]?
E(x?) = [} x*f(®)dx = [} x*.12x% [1 — x*]dx = [ 12(x® — x7)dx = 12[———] =2-2=2
2
= B - EOF =3-(5) =5
Var(x) = 37
Therefore, arld) =520

¢) Let’s determine the mode of X
fromp.d.f.,We have f(x) = [12x3 —12x°] =0 & f'(x) = 12x2(3—-5x2) =0

.'.Either12x2=0=>x=0,0T3—5x2=0(:>x=i‘\E
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butxe[0;1]<:>x>0:>x=\/E 3
5 Themodex=\/;

d).Let’s show that 6m* — 4m® + 1 = 0, given m as a median of X
If X is a continuous random variable in the range x, < x < x;, k € R, then we have

the median, m as the value of X if P(xqg < x < xp) = %
. 1

ie. f;)""f(x)dx =2

m 3 5 1
= [, (12x° — 12x%)dx = 7

1
= (Bx*—2xOM = 5= 6m* — 4m® = 1 and then we have

6x* —4x°—1=0 | =
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