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JULY 2009 
Exercise 1 (5pts) 
1. Let’s draw the circles with centre 0 and radius  1 𝑎𝑛𝑑 2. indicate the points A; B; C; D, with affixes 

√3 + 𝑖, √3 − 𝑖,  and −
1

2
+
√3

2
𝑖 

  

 

 

 

  

   

 

 

 

 

 

 

2) Given the rotation on 𝑅 with centre 0 and an angle 
𝜋

3
 and the translation 𝑇 of  a vector with affix 𝐼: 

a) Let’s determine affixes 𝑧𝐴′ and 𝑧𝐵′ , respective images of points A and B by rotation 𝑅.  

     For 𝑍𝐴′ we have (𝑍𝐴′ − 0) = 𝑒
𝑖
𝜋

3[(√3 + 𝑖) − 0] = 𝑒
𝑖
𝜋

3(√3 + 𝑖) = 2𝑒
𝑖
𝜋

3𝑒𝑖
𝜋

3 = 2𝑒𝑖
2𝜋

3   

    For 𝑍𝐵′ we have (𝑍𝐵′ − 0) = 𝑒
𝑖
𝜋

3[(√3 − 𝑖) − 0] = 𝑒
𝑖
𝜋

3(√3 − 𝑖) = 2. Thus we have  

𝑍𝐴′ = 𝑒
𝑖
𝜋
3(√3 + 𝑖) = 2𝑒

𝑖
2𝜋
3  𝑎𝑛𝑑 𝑍𝐵′ = 𝑒

𝑖
𝜋
3(√3 − 𝑖) = 2 

 

b) Let’s find or determine the affix 𝑍𝐷′ of point 𝐷’ image of point D by the translation 𝑅. 

   We have 𝑍𝐷′ = 𝑍𝐷 + 𝑎, 𝑎 = 1, 𝑎𝑓𝑓𝑖𝑥 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟 ⟹ 𝑍𝐷′ = [−
1

2
+
√3𝑖

2
] + 1 =

1

2
+
√3𝑖

2
 .  

                  Thus we have  

 𝑍𝐷′ =
1

2
+
√3𝑖

2
 

c)Let’s indicate the points 𝐴′, 𝐵′, 𝑎𝑛𝑑 𝐷′. 

3) let’s determine an argument of the complex number 
𝑍𝐴′−𝑍𝐵′

𝑍𝐷′
= 𝑍𝐸′   

 We’ve 
𝑍
𝐴′
−𝑍

𝐵′

𝑍𝐷′
=
2𝑒
𝑖
𝜋
3−2

𝑒
𝜋𝑖
6

=
2(
1

2
+
√3

2
𝑖−1)

(
√3

2
+
𝑖

2
)
=
2(1+√3𝑖)

(√3+𝑖)
=
2𝑒
𝜋𝑖
3

𝑒
𝑖
𝜋
6

= 2𝑒𝑖
𝜋

3 . 𝑒−𝑖
𝜋

6  

                                                                                        = 2𝑒
𝑖(
𝜋

3
−
𝜋

6
)
= 2𝑒𝑖

𝜋

6  
 

thus  

 

 

Let’s prove that the line (𝑂𝐷′) is a median of the triangle 𝑂𝐴′𝐵′ 

We have |
𝑍
𝐷′
−𝑍

𝐵′

𝑍𝐷′−𝑍𝐴′
| = |

(
1

2
+
√3𝑖

2
)−(2)

(
1

2
+
√3𝑖

2
)−2𝑒

𝑖
2𝜋
3

| = |
1−2

1−4
| =

1

3
  

∎ 

 

𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡 𝑜𝑓 𝑍𝐸′ =
𝜋

6
 

𝑠𝑖𝑛𝑐𝑒 |
𝑍
𝐷′
−𝑍

𝐵′

𝑍𝐷′−𝑍𝐴′
| =

1

3
, we conclude that 𝑂𝐷′ is the median of the triangle 𝑂𝐴′𝐵′ 

𝐼𝑚𝑧 

𝑅𝑒𝑧 
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Exercise 2 (5pts) 

Given the differential equation 𝑦′ + 5𝑦 = 0…… . . (𝐸). 
4)let’s prove that the function 𝑓 is the solution of (𝐸), iff the function 𝐹 = 𝑓 is the solution  of . 

We have 𝑓′′ + 5𝑓′ = 0 ⟹ 𝑓 is a solution of (𝐸). 
If 𝐹 = 𝑓′ is a solution of (𝐸1) ⟹ 𝐹′ + 5𝐹 = 𝑓′′ + 5𝑓′ = 0 

Hence 𝑓 𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 (𝐸) 𝑖𝑖𝑓 𝐹 = 𝑓′  
 

5)let’s resolve the differential equation (𝐸) 

   We have 𝑦′ + 5𝑦 = 0 ⟹
𝑦′

𝑦
= −5⟹ ∫

𝑦′

𝑦
𝑑𝑦 = −∫5𝑑𝑥 from where  

   ln|𝑦| = −5𝑥 + 𝑐 ⟹ 𝑦 = 𝑒−5𝑥+𝑐 = 𝐴𝑒−5𝑥, (𝐴 = 𝑒𝑐) ∈ ℝ. 

6)Given that 𝑔(𝑥) = acos(𝑥) + 𝑏𝑠𝑖𝑛(𝑥), 𝑎, 𝑏, 𝑎𝑛𝑑 𝑥 ∈ ℝ, let’s 

determine 𝑎 𝑎𝑛𝑑 𝑏 such  that 𝑔 checks the differential equation 𝑦′′ + 5𝑦′ = 26cos (𝑥) 
We’ve  𝑔′(𝑥) = −asin(𝑥) + 𝑏𝑐𝑜𝑠 𝑎𝑛𝑑 𝑔′′(𝑥) = −acos(𝑥) − 𝑏𝑠𝑖𝑛(𝑥)  
 Substituting  𝑔′(𝑥)𝑎𝑛𝑑 𝑔′′(𝑥) 𝑖𝑛𝑡𝑜 𝑔(𝑥) above, we have  

𝑔′′(𝑥) + 𝑔′(𝑥) = −[acos(𝑥) + 𝑏𝑠𝑖𝑛(𝑥)] + 5[−asin(𝑥) + 𝑏𝑐𝑜𝑠(𝑥)] ≡ 26cos (𝑥) from where we have, 

[− acos(𝑥) + 5𝑏𝑐𝑜𝑠(𝑥)] + [−𝑏𝑠𝑖𝑛(𝑥) − 5asin(𝑥)  ] = 26cos (𝑥)  
                                                                 ⟹ (−𝑎 + 𝑏) cos(𝑥) + (−𝑎 − 𝑏) sin(𝑥) = 26cos (𝑥) Equating 

coefficients of sin(𝑥) 𝑎𝑛𝑑 cos(𝑥) 𝑜𝑛 𝑡ℎ𝑒 𝑅𝐻𝑆 𝑡𝑜 𝑡ℎ𝑎𝑡 𝑜𝑛 𝑡ℎ𝑒 𝐿𝐻𝑆 of the equation, we have  

{
−𝑎 + 5𝑏 = 26……(𝑖)
−5𝑎 − 𝑏 = 0……(𝑖𝑖)

⇒ {
𝑎 = −

𝑏

5
……(𝑖𝑖)

− (−
𝑏

5
) + 5𝑏 = 26

⇒ {
𝑎 = −1
𝑏 = 5

  

 

Thus 𝑔(𝑥) = −cos(𝑥) + 5 sin(𝑥) ≡ acos(𝑥) + 𝑏𝑠𝑖𝑛(𝑥) 
7)let’s prove that 𝑓 is a solution of (𝐸′) iff 𝑓 − 𝑔 is solution 

of (𝐸). 
   If 𝑓 is a solution of (𝐸′) ⟹ 𝑓′′ + 𝑓′ = 26 cos(𝑥)…… . (𝑖𝑖𝑖) 
    And if (𝑓 − 𝑔) is a solution of (𝐸) 
    ⟹ (𝑓 − 𝑔)′′ − (𝑓 − 𝑔)′ = 0⟹ (𝑓′′ − 5𝑓′) − (𝑔′′ − 𝑓′) = 0  

     From (𝑖𝑖𝑖), we’ve 26 cos(𝑥) − (𝑔′′ − 5𝑔′) = 0 ⟹ (𝑔′′ − 5𝑔′) = 26 cos(𝑥)……(𝑖𝑣) 
(𝑖𝑖𝑖)𝑎𝑛𝑑 (𝑖𝑣) ⟹ 𝑓  𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝐸′𝑖𝑖𝑓  𝑓 − 𝑔 𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝐸 

8)let’s determine all the solutions of 𝐸′ or the general solution of 𝐸′  
we have the characteristic equation.  

𝑥2 + 5𝑥 = 0 ⟹ 𝑥 = 0 𝑜𝑟 𝑥 = −5  

the particular solution is 𝑦𝑝 = −cos(𝑥) + 5sin (𝑥) 

The general solution of 𝐸′ is 𝑓𝑔 = 𝑦𝑝 + 𝑦𝑐 = −cos(𝑥) + 5 sin(𝑥) + 𝐴𝑒
−5𝑥 + 𝐵, 𝐴, 𝐵 ∈ ℝ. 

Thus 𝑓𝑔 = −cos(𝑥) + 5 sin(𝑥) + 𝐴𝑒
−5𝑥 + 𝐵 , 𝐴, 𝐵 ∈ ℝ. 

 

9)let’s determine the solution of 𝐸′, 𝑐ℎ𝑒𝑐𝑘𝑖𝑛𝑔 𝑓(0) = 0 𝑎𝑛𝑑 𝑓′(0) = 0.  
We’ve 𝑓(𝑥) = −cos(𝑥) + 5 sin(𝑥) + 𝐴𝑒−5𝑥 + 𝐵 𝑎𝑛𝑑 

 𝑓′(𝑥) = sin(𝑥) + 5 cos(𝑥) − 5𝐴𝑒−5𝑥  

⟹ 𝑓(0) = −cos(0) + 5 sin(0) + 𝐴𝑒0 + 𝐵 = −1 + 𝐴 + 𝐵 = 0 ⟹ 𝐴+ 𝐵 = 1  

⟹ 𝑓′(0) = sin(0) + 5 cos(0) − 𝐴 = 0 ⟹ 𝐴 = 5 and 𝐴 + 𝐵 = 1 ⟹ 𝐵 = 1 − 5 = −4 

Thus 𝑓𝑔 = −cos(𝑥) + 5 sin(𝑥) + 5𝑒
−5𝑥 − 4 

Exercise 3 (7pts) 

Given the function 𝑓(𝑥), not nil defined by 𝑓(𝑥) =
2𝑒𝑥+3

𝑒𝑥−1
 and its curve 𝐶𝑓 

1.let’s study limit of 𝑓 𝑎𝑡 −∞ 𝑎𝑛𝑑 𝑎𝑡 + ∞ 

At  +∞, we have  

𝑦 = 𝐴𝑒−5𝑥, 𝐴 ∈ ℝ 

𝑎 = −1 𝑎𝑛𝑑 𝑏 = 5 
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limx→−∞[f(x)] = lim𝑥→−∞ [
2𝑒𝑥+3

𝑒𝑥−1
] = −3, 𝑠𝑖𝑛𝑐𝑒 𝑎𝑠 𝑥 → −∞, 𝑒𝑥  → 0  

At +∞, we have  

lim𝑥→+∞ [
2𝑒𝑥+3

𝑒𝑥−1
] = lim𝑥→+∞ [

2+
3

𝑒𝑥

1−
1

𝑒𝑥

] = 2 ; 𝑠𝑖𝑛𝑐𝑒 𝑎𝑠 𝑥 → +∞,
3

𝑒𝑥
 → 0 𝑎𝑛𝑑 

−1

𝑒𝑥
→ 0  

 

2.let’s study the limits of 𝑓 as 𝑥 turns to zero by inferior value 0− and by 

superior values 0+ 

At  0−, we have 

lim𝑥→0− 𝑓(𝑥) = lim𝑥→0− [
2𝑒𝑥+3

𝑒𝑥−1
]  let 𝑥 =

1

𝑋
 𝑡ℎ𝑒𝑛 𝑎𝑠 𝑥 → 0−;  𝑋 → −∞ 𝑎𝑛𝑑

1

𝑋
→ 0 

lim𝑥→0− 𝑓(𝑥) = lim𝑥→0− [
2𝑒𝑥+3

𝑒𝑥−1
] = lim𝑋→−∞ [

2𝑒
1
𝑋+3

𝑒
1
𝑋−1

] = −3  

At 0+, we have lim𝑥→0+ 𝑓(𝑥) = lim𝑥→0+ [
2𝑒𝑥+3

𝑒𝑥−1
] = lim𝑋→+∞ [

2+
3

𝑒
1
𝑋

1−
1

𝑒
1
𝑋

] = +∞  

3)let’s deduce the asymptotes of  𝐶𝑓 

 4)let’s deduce the derivative of 𝑓 and study the variation of 𝑓. 

    ∗ ∀𝑥 ∈ ℝ;  𝑓 is derivable⟹ 𝑓′(𝑥) = [
2𝑒𝑥+1

𝑒𝑥−1
]
′

=
−3𝑒𝑥

(𝑒𝑥−1)2
  

   ∗Variation of 𝑓. 

∀𝑥 ∈ ]−∞; 0[, (𝑒𝑥 − 1)2 > 0 𝑎𝑛𝑑 − 3𝑒𝑥 < 0⟹
−3𝑒𝑥

(𝑒𝑥−1)2
= 𝑓′(𝑥) < 0 …….(v) 

∀𝑥 ∈ ]0; +∞[, (𝑒𝑥 − 1)2 > 0 𝑎𝑛𝑑 − 3𝑒𝑥 < 0⟹
−3𝑒𝑥

(𝑒𝑥−1)2
= 𝑓′(𝑥) < 0 …..(vi) 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟, ∀𝑥 ∈ ℝ − {0}; 𝑓′(𝑥) < 0 and it’s strictly decreasing on 
ℝ− {0} 

Exercise 4 (4pts) 

There are four affirmations let’s say which of them is true or false, given that                                                         

𝑓(𝑥) = ln [
2𝑥+1

𝑥−1
] 

1. 𝑓 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 ]1; +∞[, true it’s defined on ]−∞; 0[ and on ]1; +∞[. 

2. 𝑓′(𝑥) = −
1

(𝑥−1)2
ln (

2𝑥+1

𝑥−1
), false, 𝑓′(𝑥) =

2𝑥−3

(2𝑥+1)(𝑥−1)
 

3. The line 𝑥 = 1 is an asymptote to the curve of 𝑓. false. 

4. The curve of 𝑓 admet a horizontal asymptote. True        

          

JULY 2011 
   
Exercise I (7mks) 

A)Let 𝑓 be a function defined on ]0; +∞[ by 𝑓(𝑥) = 𝑥 − 2 +
1

2
ln 𝑥. 

1)a-let’s calculate the limits of 𝑓 at 0 and at + 

𝐴𝑡 0,𝑤𝑒 ℎ𝑎𝑣𝑒, lim𝑥→0 𝑓(𝑥) = lim
𝑥→0

[𝑥 − 2 +
1

2
ln 𝑥] = −∞  

  At  +∞, we have lim𝑥→+∞ 𝑓(𝑥) = lim𝑥→+∞ [𝑥 − 2 +
1

2
ln 𝑥] = +∞ .  

b)let’s calculate 𝑓′(𝑥) and give the table of variation of 𝑓.  

∀𝑥 ∈ ]0; +∞[, 𝑓 𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 ⟹ 𝑓′(𝑥) = 1 +
1

2𝑥
=
2𝑥+1

2𝑥
  

We know from above that 𝑥 > 0 ⟹ ∀𝑥 ∈ ]0; +∞[,
2𝑥+1

2𝑥
> 0  

Table of variation 

 

lim
𝑥→−∞

𝑓(𝑥) = −3 𝑎𝑛𝑑 lim
𝑥→+∞

𝑓(𝑥) = 2 

Thus ∀𝑥 ∈ ℝ, 𝑓′(𝑥) =
−3𝑒𝑥

(𝑒𝑥−1)2
  

∀𝑥 ∈ ]0; +∞[, 𝑓′(𝑥) =
2𝑥+1

2𝑥
  

∀𝑥 ∈ ]0; +∞[ , 𝑓′(𝑥) > 0, 𝑖𝑡′𝑠 𝑠𝑡𝑟𝑖𝑐𝑘𝑙𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑛 ]0; +∞[ 
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4)a) let’s show that the equation 𝑓(𝑥) = 0, has a unique solution denoted by 𝛼 on ]0; +∞[ 
              

 

     

 𝑓  is  defined and continuous  and also strictly increasing in the interval ]0; +∞[ 
     𝑓(]0; +∞[) = ]lim𝑥→0 𝑓(𝑥);  lim𝑥→+∞ 𝑓(𝑥)[ = ]−∞; +∞[ and 0 ∈ ]−∞; +∞[,  
Therefore 

 

Let’s give the value of 𝛼 𝑎𝑡10−2 𝑛𝑒𝑎𝑟. 

We have 𝑓(1) = 1 − 2 +
1

2
ln 1 = −1 and 𝑓(2) = 2 − 2 +

1

2
ln 2 = 0.35 

   𝑓(1). 𝑓(2) < 0 ⟹ 𝛼 ∈ ]1; 2[,    

    
1+2

2
= 1.5 

     Also 𝑓(1.5) = 1.5 − 2 +
1

2
ln 1.5 = −0.29 

𝑓(2). 𝑓(1.5) < 0,⟹ 𝛼 ∈ ]1; 2[  
1.5+2

2
= 1.75 ⟹ 𝑓(1.75) = 1.75 − 2 +

1

2
ln 1.75 = 0.029  

𝑓(1.5). 𝑓(1.75) < 0 ⟹ 𝛼 ∈ ]1.5, 1.75[  
1.5+1.75

2
= 1.625 ⇒ 𝑓(1.625) = 1.625 − 2 +

1

2
ln 1.625 = −0.13 

𝑓(1.75). 𝑓(1.625) < 0 ⟹ 𝛼 ∈ ]1.625; 1.75[  
. . 

. . 

. . 

𝑓(1.72). 𝑓(1.73) < 0,⟹ 𝛼 ∈ ]1.72; 1.73[ 𝑠𝑖𝑛𝑐𝑒 [1.73 − 1.72] = 10−2  

B)let’s 𝑔 be a function defined on [0; +∞[ by 𝑔(𝑥) = −
7

8
𝑥2 + 𝑥 −

1

4
𝑥2 ln 𝑥, ∀𝑥 > 0, 𝑔(0) = 0 

1) a) let’s study the continuity and the differentiation of 𝑔 𝑖𝑛 0. 

     lim𝑥→0+ 𝑔(𝑥) = lim𝑥→0+ [−
7

8
𝑥2 + 𝑥 −

1

4
x2ln 𝑥] = 0 = 𝑔(0) thus  

𝑔(0) = lim𝑥→0+ 𝑔(𝑥) = 0, it’s continuous at 0 
     

lim𝑥→0+ [
𝑔(𝑥)−𝑔′(0)

𝑥−0
] = lim𝑥→0+ [−

7

8
𝑥 + 1 −

1

4
𝑥 ln 𝑥] = 1  

Since lim𝑥→0+ [
𝑔(𝑥)−𝑔′(0)

𝑥−0
] ∃!, we conclude that 𝑔 is differentiable at 0 

 

2)a) Let’s calculate 𝑔′(𝑥)𝑎𝑛𝑑 𝑣𝑒𝑟𝑖𝑓𝑦 𝑡ℎ𝑎𝑡 𝑔′(𝑥) = 𝑥𝑓 (
1

𝑥
) , ∀𝑥 > 0  

  From above 𝑔(𝑥) is differentiable, thus 𝑔′(𝑥) = (−
7

8
𝑥2 + 𝑥 −

1

4
𝑥2 ln 𝑥) ′  

     = −
7

4
𝑥 + 1 −

1

2
𝑥(ln 𝑥) −

1

4
𝑥 

                                              = 𝑥 [−2 +
1

𝑥
+
1

2
ln (
1

𝑥
)] = 𝑥𝑓 (

1

𝑥
) 

Thus 𝑔′(𝑥) = 𝑥 [−2 +
1

𝑥
+
1

2
ln (

1

𝑥
)] = 𝑥𝑓 (

1

𝑥
) ,

𝑥  0  
−1

2
 +∞ 

𝑓′(𝑥)  + 
𝑓(𝑥)  +∞  

0 
−∞  

𝑥 1.75 1.74 1.73 1.72 
𝑓(𝑥) 0.029 0.016 0.004 −0.001 

𝑓(𝑥) = 0 ℎ𝑎𝑠 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝛼 𝑜𝑛 ]0; +∞[ 
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∀𝑥 > 0 
 

 

 

 

 

 

 

 

 

 

 

 

b)Let’s deduce the sign of 𝑔′(𝑥) and draw the variation table. 

   ∀𝑥 ∈ ]0; 𝑘], 𝑔′(𝑥) > 0 𝑖𝑡′𝑠 𝑠𝑡𝑟𝑐𝑡𝑙𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑛 ]0; 𝑘] 
     ∀𝑥 ∈ [𝑘; +∞[, 𝑔′(𝑥) < 0, 𝑖𝑡′𝑠 𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑛 [𝑘; +∞[ 
  

 

4)let’s give the equations of tangent to the curve of 𝑔 at the point of 𝑥 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 0 𝑎𝑛𝑑 1 

At the point, 𝑥 = 0, we have  

𝑦0 = 𝑔(0)(𝑥 − 0) + 𝑔(0) = 𝑥  

At the point, 𝑥 = 1, we have  

𝑦1 = 𝑔(1)(𝑥 − 1) + 𝑔(1) = −𝑥 + 1 +
1

8
= −𝑥 +

9

8
 , thus equations are; 

∗ let ‘s plot 𝑐 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑠 
 
Exercise II  
a)Let’s evaluate the following,s 

1) ∫ 𝑥2arctan (𝑥
√3

0
)𝑑𝑥.  

𝐿𝑒𝑡 {
𝑢 = arctan (𝑥)

𝑣′   =        𝑥2
⟹ {

𝑢′ =
1

1+𝑥2

𝑣  =   
1

3
𝑥3      

 Using integration by parts we have, 

∫ 𝑥2
√3

0
arctan(𝑥) 𝑑𝑥 = [

1

3
𝑥3arctan (𝑥)]

0

√3
−
1

3
∫

𝑥3

1+𝑥2
𝑑𝑥

√2

0
  

= [
1

3
𝑥3arctan (𝑥)]

0

√3
−
1

3
∫ [𝑥 −

𝑥

1+𝑥2
]

√3

0
𝑑𝑥  

  

= [
1

3
𝑥3arctan (𝑥)]

√3

−
1

3
[
1

2
𝑥2 −

1

2
ln(1 + 𝑥2)]

0

√3

 

 =
1

3
(√3)

3
arctan(√3) +

3

2
− ln2 

 =
√3𝜋

3
+
3

2
− ln2, thus we have 

 

2) ∫
1

(1+𝑥2)2
1

0
𝑑𝑥  

Let, 𝑥 = 𝑡𝑔(𝑡), for 𝑥 = 0, 𝑡 = 0 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑥 = 1, 𝑡 =
𝜋

4
 

𝑑𝑥 =
1

𝑐𝑜𝑠2(𝑡)
𝑑𝑡 ⟹ ∫

1

(1 + 𝑥2)2

1

0

𝑑𝑥 =    ∫

1
𝑐𝑜𝑠2(𝑡)

(1 + (𝑡𝑔)2)2

𝜋
4

0

𝑑𝑡 

𝑥 0                                          𝑘                                    + ∞ 
𝑔′(𝑥)                            +                                     − 

𝑔(𝑥) 

  
 
 
 

  
𝑔(𝑘) 

 
 
0  −∞ 

𝑦0 = 𝑥 𝑎𝑛𝑑 𝑦1 = −𝑥 +
9

8
 

∫ 𝑥2
√3

0
arctan(𝑥) 𝑑𝑥 =

𝜋√3

3
+
3

2
− ln2  
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                = ∫ 𝑐𝑜𝑠2(𝑡)𝑑𝑡 = ∫
1 + 𝑐𝑜𝑠2𝑡

2
𝑑𝑡 =

1

2

𝜋
4

0

𝜋
4

0

[𝑡 +
1

2
𝑠𝑖𝑛𝑡]

0

𝜋
4
=
𝜋 + 2

8
 

, 

 Thus 

 

 

 

Exercise III  

b)Let’s solve the following differential equations. 

𝑦′ + 𝑦 = 2 cos(𝑥) + (𝑥 + 1)𝑒−𝑥…………….𝐸 

∗ let’s determine the characteristic equation of y. 

  We have, 𝑦′ + 𝑦 = 0 ⟹
𝑦′

𝑦
= −1⟹ ∫

1

𝑦
𝑑𝑦 = ∫(−1)𝑑𝑥 ⟹ ln 𝑦𝑐 = −𝑥 + 𝑘 ⟹ 𝑦𝑐 = 𝑒

𝑡𝑒−𝑥 = 𝑘𝑒−𝑥 

𝑘 ∈ ℝ. 
∗  let’s determine the particular solution of     
     Let 𝑦𝑐 = 𝐴(𝑥)𝑒

−𝑥 ⟹ 𝑦′𝑐 = 𝐴
′(𝑥)𝑒−𝑥 − 𝐴(𝑥)𝑒−𝑥. Substituting 𝑦𝑐  𝑎𝑛𝑑 𝑦′𝑐 into 𝐸, we have 

     𝐴′(𝑥)𝑒−𝑥 − 𝐴(𝑥)𝑒−𝑥 + 𝐴(𝑥)𝑒−𝑥 = 2cos(𝑥) + (1 + 𝑥)𝑒−𝑥 

⟹ 𝐴′(𝑥)𝑒−𝑥 = 2cos(𝑥) + (𝑥 + 1)𝑒−𝑥… . (𝐸)   
Multiplying all through by 𝑒𝑥 we have 𝐴′(𝑥) = 2𝑒𝑥 cos(𝑥) + (1 + 𝑥). Integrating one has 

∫𝐴′(𝑥)𝑑𝑥 = ∫[2𝑒𝑥 cos(𝑥) + (1 + 𝑥)]𝑑𝑥 ⟹ 𝐴(𝑥) = 2∫ 𝑒𝑥 cos(𝑥) 𝑑𝑥 + 𝑥 +
𝑥2

2
 …………E’ 

  From 𝐸′, we have ∫ 𝑒𝑥 cos(𝑥) 𝑑𝑥 = 𝑒𝑥 cos(𝑥) + ∫ 𝑒𝑥 sin(𝑥) 𝑑𝑥   

         = 𝑒𝑥[cos(𝑥) + sin(𝑥)] − ∫𝑒𝑥 cos(𝑥) 𝑑𝑥 + 𝑘 

⟹ 2∫𝑒𝑥 cos(𝑥)𝑑𝑥 = 𝑒𝑥[cos(𝑥) + sin (𝑥)] + 𝑘 ⟹ ∫𝑒𝑥 cos(𝑥) 𝑑𝑥 =
𝑒𝑥

2
[cos(𝑥) + sin (𝑥)] + 𝑐 …𝐸′′ 

                 Substituting 𝐸′′ into 𝐸′, we have  

   𝐴(𝑥) = 𝑒𝑥[cos(𝑥) + sin (𝑥)] + 𝑥 +
𝑥2

2
+ 𝑐, 𝑐 ∈ ℝ. Thus general   

                Solution is 𝑦 = 𝑒𝑥[cos(𝑥) + sin(𝑥)] +
𝑥2

2
+ 𝑥 + 𝑘𝑒−𝑥 + 𝑐, 𝑘 𝑎𝑛𝑑 𝑐 ∈ ℝ. 

𝑦 = 𝑒𝑥[cos(𝑥) + sin (𝑥)] +
𝑥2

2
+ 𝑥 + 𝑘𝑒−𝑥 + 𝑐, ∀𝑘, 𝑐 ∈ ℝ. 

 

 

∫
1

(1 + 𝑥2)2

1

0

𝑑𝑥 =
𝜋 + 2

8
 


