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A) Let f be a function defined on ]0; +oo[ by f(x) =x —2 + %ln X.

1) a-let’s calculate the limits of f at 0 and at +oo

At 0,we have,lim,._,, f(x) = lir% [x -2+ éln x] = —0o0
X—

At +oo, we have lim,_, ;o f(x) = limy_ [x -2+ %ln x] = 400

Thus

lim f(x) = —c0and lim f(x) =+
x—0 X—+0o

b) Let’s calculate f'(x) and give the table of variation of f

Vx € ]0; +oo, f is dif ferentiable = f'(x) = 1 +§ h

Then

We know from above that x > 0 = Vx € ]0; oo, =

Table of variation

. 2x+1
2x

2x+1

v €10; +oof, 1 (x) =

Then

2x+1 >0

Vx € ]0; +oof, f'(x) > 0,it's strictly increasing on |0; +oo[
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X 0 _71 +00
f(x) +
f@) 0/»+oo
—————____,,——?

2) a) let’s show that the equation f(x) = 0, has a unique solution denoted by & on ]0; +oo[

X 1.75 1.74

1.73

1.72

F(x) 0.029 0.016

0.004

—0.001

f isdefined and

continuous and also strictly increasing in the interval ]0; +oo[

£(0; +eo]) = Jlimyo f(x); limy, e f(x)[ =]=00; 400 aNd 0 € ] —00; +oof,

Therefore

3.Let’s give the value of a at10~2 near:

f(x) = 0 has a unique solution a on |0; +oo[

We have f(1) = 1—2+§1n1 = —1and £(2) =2—2+§1n2=0.35

fO.f(2)<0=a€e]L;2]

2 _ 15

2

Also £(1.5) = 1.5~ 2 +=In 1.5 = —0.29

£(2).f(1.5) <0,= a €]1;2[

1.5+2

F(1.5). f(1.75) < 0 = a € |1.5,1.75]
1.5+1.75

£(1.75). f(1.625) < 0 = a € ]1.625; 1.75[

=175= f(1.75) = 1.75 - 2 + %ln 1.75 = 0.029
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f(1.72).f(1.73) < 0,= a € ]1.72; 1.73[ since [1.73 — 1.72] = 1072
B) Let g be a function defined on [0; +oo[ by g(x) = —%xz + x —ixz Inx,vx >0,9(0)=0
1) a) let’s study the continuity and the differentiation of g in 0.

lim,_,+ g(x) = lim,_,+ [—gxz +x — %len x] =0=g(0)

Thus

g(0) =lim,_y+ g(x) = 0,it’s
continuous at 0

g(x)—g'(0)

0 ] = lim,_, o+ [—gx +1 —ixlnx] =1

limx_)0+ [

Since lim,_, o+ [%] 3!, we conclude that g is

differentiable at 0

2) a) Let’s calculate g’ (x)and verify that g'(x) = xf G) Vx>0
From above g(x) is differentiable, thus g'(x) = (—gx2 +x— ixz In x) !

=+ Ix+1—>x(Inx) —-x
4 2 4

=x[2+ e gm(@)] == ()

Thus g'(x) =« [—2 + i + %ln (i)] =xf (%), u

Vx >0

b)Let’s deduce the sign of g'(x) and draw the variation table.
Vx € ]0; k], g'(x) >0 it's strictly increasing on |0; k]
Vx € [k; +oo[,g"(x) < 0,it's strictly decreasing on [k; +oo[

X 0 k 4+ oo
g'(x) + -

38



Annales brainprepa www.touslesconcours.info

gx) |0 —0

3)Let’s equations of tangent to the curve of g at the point of x — coordinate 0 and 1
At the point, x = 0, we have

Yo =9(0)(x—-0)+g(0) =x
At the point, x = 1, we have

y1=g(1)(x—1)+g(1)=—x+1+§:—x+§,

thus equations are;

9
yozxandylz—x+§

Y A
* Let ‘s plot c and the tangents 1

Yo

N 9@)
- /
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Exercise I1

Let’s evaluate the following,

= u' =
foﬁ x2arctan(x)dx. Let {u , arctan(yzc) = 11+"2
v o= X v = 1x3
3
Using integration by parts we have,
‘/§ 2 _ 1 3 \/§_1 \/E x3
fo x*arctan(x) dx = [gx arctan(x)] 3 fo =

_ [ X arctan(x)] ——f\/_[ — ]dx
= Ex3arctan(x)] L’ ] [1 Z2— —ln(l +x )]f
=1 (\/§)3 arctan(v/3) + % —1In2

=¥ 4+ 22,

Thus we have

a arctan(x) dx = ™33 In2
Jy 3 2

1 1
1 J, o, dx

Let, x = tg(t),forx =0,t = 0and for x = 1,t=%

1

__ 1 11 —  [1_c0?®
cosz(t)d fO (1+x2)2 dx 0 (1+(tg)?)? t
f cos*(t)dt = [* # [t+ smt] =—=, Thus T+ 2

[ e
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Exercise 111
Let’s solve the following differential equations.
L.y ' +y=2cos(x)+(x+De*................ E

* let’s determine the characteristic equation of E
Wehave,y’+y=0:>y;’=—1
=>f%dy=f(—1)dx=>lnyc—x+k=>yc =ele*=ke ™ keR.
* let’s determine the particular solution of

Lety, =A(x)e™* =y’ = A'(x)e™ — A(x)e™.

Substituting y,. and y'. into E, we have

A(x)e ™ —Ax)e™™ + A(x)e ™ =2cos(x) + (1 +x)e™*
A'(x)e™* =2cos(x) + (x + 1)e ™ ...E'
Multiplying all through by e* we have A’ (x) = 2e*cos(x) + (1 + x). Integrating one has
[A'(x)dx = [[2e* cos(x) + (1 + x)]dx = A(x) =2 [ e* cos(x) dx+ x + x; ....... E'
From E’, we have [ e* cos(x) dx = e*cos(x) + [ e*sin(x) dx

f e* cos(x) dx = e*[cos(x) + sin(x)] - j e¥cos(x)dx+k = 2 J e* cos(x) dx
=.e*[cos(x) + sin(x)] + k

X

e
= j e” cos(x)dx = 1 [cos(x) + sin(x)] + ¢ ...E"
2
Substituting E" into E’, A(x) = e*[cos(x) + sin(x)] + x + x? +c,c€R.

2
Thus general Solution is y, = e*[cos(x) + sin(x)] + % +x+ke™+ckandc € R.

2
X
Vp+c = e*[cos(x) + sin(x)] + S Hx+ ke ™ + ¢, vk, c € R.

Exercise IV

Given numerical sequences u,, and v,, defined by

2 Up+D
Uy = 2,vneN, and v, = — and Uy, = n2 n
n

1) Let’s calculate vy; uq; v4; Uy; v,; given the answers in the form of non-reducible fraction.
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2 2 + 2+1 1
whenn =0, wehave vy, = —==-=1landuy,, = —2="—-=1-
ug 2 2 2 2
2 2 4 1 + S+ Z 17 5
u v 5T =
whenn =1,wehavev, =—=3=-=1-anduy ., =—=2=L="=1=
w53 3 2 2 12 12
2 2 2x12 24 7
whenn =2 wehavev, = — =1 ="—=="=1=
u, = 17 17 17
1 11 11 15 17
vy=Luy=1=-;vy=1=; u, =1—; v, =1—
0 S R M A

1) Let’s show that these sequences are bounded above by 2 and bounded below by 1.ie
* let’s show that vn € N, 1 < u, <2

Suppose n = 0 thenuy, =2 = 1 < uy < 2 which is true.

Assume the results to be true for = (k > 0) € N, then 1 <y < 2 which is true.

Let’s show the results to be true forn = (k + 1) € N, then'1. < up,; < 2

1+vg <uk+vk < 2+vg

S 1+v, S v tuy <2+, = > 3

1 2 2
FromlSukS2=>5SukS1=>1Su—S2z2Su—S1
k k

2

2 2 1+ .
1<=-=2<1+=—=>1<—k .. (D).
Uk Uk 2
Therefore
242
ui <2=2+ ui <4= 2”" <2 (ii). Combining (i)and (ii) we have,
k k
+ 2 L2
1<s—*(<y  £—*<2=1<u,<2. Thus vneN;1<u, <2
2 2,

* Let’s showthatvn e N;1 < v, <2
Suppose ng = 0, vy =1 and 1 < v, < 2 , which is true. Assume the results to be true forn, = k > 0vn €

N, we have 1 < v, < 2, which is also true. And let’s show the results to be true for 1 < vy, < 2

2 2

<2 = 1< v, <2,whichisalsotrue as v, = .
Uk+1 Uk+1

Wehavelsizns
U

Hence
vneN;1<v, <2

2) Let’s show that Vn € N, u —v _ (un-v)?-8
ntl n+i1 2(un+vy)

+vn

2 4
We have u,,,; = u”z

and v = =
ntl Un+1 Un+vn
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_Untvn 4 (Up—v1)?
Then, up4q — Vpy1 = > e = 2t therefore
2
(un - n) -8 u

Vn € N:un+1 —VUn+1 = z(u —v )
n n

3) Let’s show that vn € N,u,, > v,

From 2) above suppose we have 2(u,, — v,) > 0, (u,, —1,)? =8 =0

(Un-vn)*-8
—_— > >
2(up—vy) 0 thus uy = vy vneN; u, 2 v,

4) =Let’s show that (u,,) is a decreasing sequence.

Un+tvn Un—Un

We have u, 1 +u, = T Up =, but we have

Un—u
unZvn=>vn—unSO:%SOﬁunﬂ—unSOandunﬂSun

since Vn € N,u,,; < u, we conclude that u,, is a decreasing sequence

* xLet’s show that v, is an
increasing sequence

2 2 4 _ 4-vp(vn—uy)

—Un = vp7un - Vn = n

We have v, — v, = 2

Un+1 2 Up+Vp

But2 <u, +v, <4 = —4v, < —v,(u, +v,) £ -2v, = —v,(u, +v,) < —2v,
=4 —v,(u, +v,) <4-2v,=4—-v,(u, +v,) 20

4—v, (Up+vy)

>0=v —v,=20=v =7,
(un+vn) n+1 n n+1 n

Since vn € N, v,,; = v, , we conclude that v, is an increasing sequence |

6)Let’s show that vn € N; u, — v, <1 and deduce that  (u,, — 1,)? < (u, — v,)
Wehadl<u,<2..() andl1 <v, <2 = -2< -1, < —-1..(ii)
@O+ ) =-1<u,—v, <1 =u, —v, <1..(iii)multiplying through by u,, — v,, we have (u,, —

Un)(un - Un) < (un — Un) = (un - vn)z < (un - vn) (IV)

(iii) and(iv) > Vn € N; u, — v, < 1land (u, — v,)? < (u,, — v,) [

9) a) let’s show that
1
Vn € N,upiq — Vpy1 = Py (U — ),

We have had 2 < u, + v, < 4 = 4 < 2(u,, + v,) < 8, multiplying by 2.
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1

1
E(un_vn)

Dividing by 8, we have - < <

&R

considering the RHS and multiplying it by (u,, — v,) we have

1(un—17n) S 1(un—17n) but un _ vn 2 0 = un+1 _ vn+1 S M
i +vn) 4 4

Thus w — v
vn € N;we have U, 1 — Vg < %

b) Let’s show that vn € N; u,, — v, < L

=n

(ug—vo)

- 1 -
As k varies from 0 to n, we have u; — v; < T U2 V2 = B

1
Upq —Vpq S T (un—z - Vn—z)

(Up—1-Vn—_1)
Uy — Uy < T

o . 1\" 1\"
Multiplying each member by its self we’ve u,, = v, < [(Z) (ug — vy) = (Z) (2-1)]

1
Therefore Vvn € N; u, — v, < e [ ]

8)let’s show that u,, and v, converge to the same limits
We have lim,,_ (U, —v,) = limn_,+oo(4in) = lim,,_ ;00 Uy, — limy,, o v, = 0 and we get lim,,_, ;o U, =

limy., 0 vy

vn €N; lim u, = lim vy,
n—-+oo n—-»+oo
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