Annales brainprepa www.touslesconcours.info

JULY 2010
Exercise 1

(u,) is the sequence defined by uy = 3; Uy = ui, ....... (a)

n

1) a) Let’s calculate uy, u,, us; and uy.

Forn=0from(a)wehaveu1=ui=§,Forn=1,wehaveu2=ui=4(— =3
0

Forn = 2, we have u, =i=4(1)=3,Forn=3,wehaveu4=i=4(§)=3.
2 3

Uu 3 Uusz

b. Let’s conjecture about the nature of the sequence u,

. . . 4
The sequence is sinusoidal and takes 2 values; 3 for even values of /n and 3 for odd values of n.
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—2+uy
24+upn

2) Given that v, =

a) Let’s show that v, is @ geometric sequence and determine it.

4

—24—
—24+u —2un+4 —2(up-2)
We have v,,; = M= = S L=y,
24+Up41 24— 2Up+4 2(up+2)
n
v —2+u —2+3 1
Thus v, = —v, © 22=-1. And v, = d=—— == ... (b)
Un 2+ugy 2+3 5

. R . . . 1
Thus v, is a geometrical sequence with common ratio 22 = —1 and first term v, = S

Un
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b) Let’s express v, in terms of n and u,, in terms of n.

—2+u —2-2v,
We have v, = Tun” S Q+u)ry,=-2+u, S u, = vn—1n
Thus u 2250 _ —to-acyr Implyin 2+ 10-2(-D)"
= = : —_1)7=5 —10=2(—-
n T T (—1)"—s piying Un = o2Gr and u, = TCDns
(-D"-5
c) Let’s show that Vn > 2,u,,, = u,, and deduce u,yyq
FOI’ == 2,u4 = 3,u2 = 3 - u4 = u2 ,thUS u2+2 = uz
Let k > 2 € N, and p(k) the proposition: For n = 2,u,,, = u,
Suppose that u;., = u; and prove that w3 = ux4, , We have
_—10-2(-D)k*3  —10-2(-)F*1(-1)2 _ —10-2(-DKFL
Ug+3 = (-Dk+3-5 —  (=1k+1(-1)2-5 ~  (=1)k+l_5 U1
, R -10-2(-1)2%97 4
Let’s deduce U009 - We’ve U009 = Uz007+2 = U007 and U007 = (—ZL)ZT = E
We conclude that Yn > 2, u,,,» = u,, and uyg99 = g
Exercise 2 (3mks)
1) a) Let’s verified that Vx € R;cos2x = 2cos?x — 1.
From definition cos2x = cos?x — sin?x = cos?x — 1 + cos?x & cos2x = 2cos?x — 1
Thus cos2x = 2cos?x — 1
b) Let’s deduce the exact value of cos2x given that cosx = \/Eiﬁ.
2
From (a) above cos2x = 2cos?x — 1 = cos2x = 2 (M) o) e N E
4 16 16 4
Thus
V3
cos2x = 7
3) Let’s solve inside ]0; 7] the equation cos2x = ?

C0S2Xx = COS (g) + 2km
We have, cos2x = — < keZ

C0S2X = COS (%) + 2k7r’
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T
—+ kn
— 12 . _ _ T _ 11—7_[
sx=i1% kel X ez Fork=0=x=2 k=1=2x=""¢|o; ]
12
thus _ 7. -
The solution of cos2x = —isx = {—}
2 12

Exercise 3 (3mks)

a) Let’s express the complex numbers, 5 and z (cos% —sin E) in the form a + ib.

* Expression of -in the form a + ib. We have Z = 2-3 = 2o3DEH3D _ =5 _ 12,
z! 2+3i (2+3i)(2-310) 12 13

* Expression of z (cos % — isin %) in the form a + ib

we have z (cos% — isin ’D = (2 - 3i) (‘/_ ‘/2_) — ‘/Z—E 5‘2/_ thus we have respectively that:

z_ N2 12 (n,n)ﬁsﬁ_

7= —7—Elandz COS - — ISin s

2
b) Let’s calculate % fort = %and that x = a(t + sint),y = a(1 — cost)
dx . ’ dy ’ .
== [a(t + sint)]" = a(1 + cost), = [a(1 = cost)]' = asint

dy
dy _ E _ a(sint) _ sint
dx dx a(1l+cost) 1+cost

dt

d( sint
a’y _ E(Hcost) _ [cost(l+cost)—sint(—sint)
dx2 % ~ a(1+cost) (1+cost)?
. cost+cos?t+sin?t 1 __ cost+1 1
(1+cost)? “a(1+cost)  (1+cost)? " a(l+cost)
d? 1 d? 1 1
- — when, =, we havel? = s ==
dx? a(1+cost)? dx? -1 (1+cos ) a
Thus 2y 1
dx? a
Exercise 4 (4mks)

Let’s evaluate the following integrals

X
D o e
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x _ _a_ L a(x+3)+b(x+2) — x
We have (x+2)(x+3) ~ x+2 + x+3 = (x+2)(x+3)  ~ (x4+2)(x+3)

have a(x + 2) + b(x +3) = x

multiplying all through by (x + 2)(x + 3) we

= (a + b)x + 2a + 3b = x, equating coefficients we have

a+b=1..()
{Za +3b=0..(ii)

From (i),b =1 —a, putting in (ii) we have 2a+3(1—a)=0=a=3 andb=1—-3 = -2
X _ 3 2

(x+2)(x+3) ~ x+2 x43

solving the two equations for a and b we have

folédx = fol [i—i] dx = 3[In(x + 2)]3 — 2[In(x + 3)]} =3[In4 —In3] — 2[In3'— In 2]

(x+2)(x+3) x+2  x+3

=—-5In3+8In2

Thus 1
Jy =

(x+2)(x+3)

8Iln2

dx ==5In3+

b) fol xe**2 dx.
Let=x = u’' =1and v’ =e**t? = v = e**2 . Using integration by parts we have

fol xeX*2 dx = [xex+2]% _ fol eXt2dyx = [xex+2](1) . [ex+2]% = 3 — g3 4 2

Thus 1
f xe*t?dx =e?
0

b) [ sin®xdx.

1-cos2x 1—cos2x

T T
we have |3 sin®xdx = |3 dx , since = sin’x

r 1—-cos2x

= [0 g = 2 [ 1dx — [ cosxdx| = [ - 2 (sin2xyg | = 4

1z 1 . 2w T 3
zA=—[———sm—] =—-——.
2ls 2 3 6 8

33



Annales brainprepa www.touslesconcours.info

Thus

Wy

°| %

f sin’xdx =
0

oS

Exercise 5

Let’s differentiate the following functions with respect to x.

a) f(x) = e3*(sinx — 3cosx).

Vx € R, f(x) is differentiable, thus

f'(x) = [e3*(sinx — 3cosx)]" = 3e3*(sinx — 3cosx) + e3*(cosx + 3sinx)

= e3*(6sinx — 8cosx).

Thus

c)

f'(x) = e3*(6sinx — 8cosx)

x2

gx) =—

1+x

Vx € R — {1}, g(x) is differentiable, thus

g’(x) _ [i ! _ 2x(14x0)-x2  x%+2x

therefore

1+x] T (@+02 T @+’ vx € R — (-1}, 4'C) x% 4+ 2x
x g X (14 x)?

d) Given the relation,12v = x2v3b% + x2, where b > 0. Let’s

. Y . b
show that the maximum«wvalue of v as x varies is -

3

2
From 12v = x23/3b2 + x2 = v.= —/3b3 + x2

12

v’(x)=i—z[\/3b2+x2+ X ]=x[2b2+x2].

233 +x2] ~ 4 |V3bZ+x2
At maximum
Value v, v'(x) = 0. Thus f[ﬂ =0= x = 0or 2b%? + x? = 0. From where x? = —2b?. From
’ \ " 4 1V3p2+x2 ) ’

12v = x?V3b%2 + x2 and x? = —2b?

= 12v = x%2V3b2 — 2b2 = x2,/|b?| . The maximum value of v is obtained when x? > 0

3 3
120mqx = 2b%.b = 2b% = Vypgy = 1o = =

Thus
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Umax = —
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