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SEPTEMBER 2012
Exercise | (1.5+1+1.5=4)
Given that [2 cos™ (x)dx
1-Let’s calculate I, , I, and I,.

We have [ 2 cos™ (x)dx, so when n = 0,1,2, we have respectively

Iy = fOECOSO(x)dx = fgldx = g_ 0 :%

Z T s
L = f cos*(x)dx = [sin(x)]Z = sinE— sin0
0

T

z 1z
I, = J. cos? (x)dx = EJ. (1 + cos(2x))dx
0 0

I, = %[x + %sianE = %E + %sinz (%) -0- sinO] = %Therefore we

T T

b) Let’s show that Vn > 2,0ne has nl,, = (n — 1)I,,_,
We suppose U(x) = cos™ (x) and V'(x) = cos(x).Also cos™(x) = cos™ 1 (x)cos(x)
{U’(x) = —(n — 1)cos™ 2 (x)sin(x)
V(x) = sin(x)

Using integration by parts we have I, = V(x). U(x) = [2U'(x) V(x)dx ... .. (1) , substituting
U(x),U'(x)and V'(x),V(x) into (i)Qives

I, = [sin(x)cosn‘l(x)]g +(Mm-1) fog_ sin(x) cos™ 2 (x) sin(x) dx
=0+(n—-1) fogsin2 (x)cos™ 2 (x)dx = (n —1) fg(l = cos?(x)) cos™%(x)dx

=mn-1) fog cos"A(xX)dx— (n—=1) fog cos™ (X)dx = (n— DI,,_, — (n— 1)1,
oshL=m-D_,—m-D,eL,+m-1I,=nl,=m0n-1I,_, (nl, = (n— DI, |

Thus
c¢) Let’s deduce the value of I, ¥n > 1
From.(b) we have nl,, = (n — DI,,_, & II” = ”T_l =1 —%(:» n= 1"1‘2—_1"
n—2 n-2
Thus we have M2l _ ) oy >

In—2

Exercise 11 (4mks)
1)Let’s study the continuity of the following function
x2ifx<0 gX)ifx<0
f)=<5xif0<x<2—>o<h(x)if0<x<2
4—x if x =2 i(x) ifx=>2
*We have lim,_,- x2 = 0 = g(0) hence is continuous Vx < 0
xLetx =1 €]0;2[ thenwe havelim,_,; x =1 = h(1) thus h(x)is continuous Vx € |0; 2[
xLastly, we have lim,_,,+ 4 — x =2 = i(2), hence i(x) is continuous Vx > 2
| Sincef (x)is continuousVx < 2; Vx € ]0; 2[ and V= 2 we conclude it's continuous Vx € R |

2) Let’s show g(x) is continuous and derivable and it’s derivative g’(x)is continuous
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x? ifx<0 h(x)if x <0
We’ve g(x) = 0 ifx=0 <o<{gxifx=0
cos(x) —1ifx>0 ix)ifx>0
* We've limy_o- x2 = 0 = lim,_,4+(cos(x) — 1) hence g(x)is cotinuous ... ... ... .... (i)
—x—lze% if x<0
g® =3 0ifx=0
—sin(x)if x>0

1
h()-R'(0) _ .. ext— ex(1+3)

o lim, - — = lim, -
LetX = i < As x — 07,X — —oo Substituting X in the above we’ve

*We’ve lim,_,o-

1 1
X(1+— X 2
T imy_ SO i XeX (14 X2) = 0

1 /% E
Also from g'(x) we’ve lim,_,,+sin(x) =0
Therefore g(x) differentiable ......... (i)
* Determination of continuity of g'(x)

lim,._,o-

from (i)limits of g(x) exist and from (ii) g(x) is respectively
continuous and derivable and g'( x)
is continuous from (iii)

1
We have lim,_,,- (—x—teE) =0 = lim,_,+ sin(x) fromg'(x)above ...... ......(iii)
Exercise 111 (3mks)

Given a discrete random variable X with the probability distribution with E(X) = 2, with distribution
table below.

X =x) 0 1 2 3 4
P(X =x) 0.1 D 0.25 q

0.05

a) Let’s find the values of p and q
We know that for a discrete random variable, X, Z?:o x;P(X = x;) = 1. Hence we have
toxi P(X=x;) =0x0.0.1 + 1xp + 2x0.25 + 3xq + 4x0.05 = E(X) = 2
< 1xp + 2x0.25+4+ 3xq+ 4x0.05=2 = p+3q=13.....(0)

Also Y2 P(X =%x) =01+ +p+025+q+005=1p+qg=0.6.......(i)
p+3g=13.........(0) {p = 0.35 . . .
{p g =060 (i)  lg =025 BYsSOVIng (Dand (i)

Therefore we have

| p =0.25and g = 0.35 |

b) Let’s find Var(X).We know that, Var(X) = E(X?) — E?(X) = E(X?) — u?, where E(X?) =
ex?2P(X =x) © E(X?) = 02x0.1 + 12x0.25 + 22x0.25 + 32x0.35 + 42x0.05 = 5.00

Var(X) = E(X?) — E2(X) = (5.00) — (2.02)2 = 5.00 — 4.81 = 0.19.

Therefore | we have

| Var(X) =0.19

¢) Let’s calculate the average E(Y) and variance Var(Y) of Y = 5X + 4
xAverage of Y
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E(Y)=E(5X+4) =5E(X) + 4 =5x2.02+ 4 =10.10 + 4 = 14.10 ... ... (1)
* Variance of Y
Var(Y) = Var(5X + 4) = Var(5X) + Var(4)
= 52Var(X) + 0 = 25x0.19 = 4.75 ....(2)
Therefore | (Dand (2) = E(Y) = 14.10 and Var(Y) = 4.75 |

Exercise 111 (9mks).
Part 1 (6mks).

Let f be a function defined on R by f(x) = and let C be its curve

1) Let’s that there ex1sts a single triplet (a; b; c) that one will determine such as for real x
f(x) =ax+b+

3(x 1)

3x 2+1

3(x—1 3x3-9x2+9x-3 . . . 4O
We have f(x) = 3(;+1 = 3; +1x by expan3|on and using long division:method one has
3x3-9x2+9x-3
TR o =ax+b4+—— ... @)
3x2+1 3x2 3x 2+1

Therefore we have

From (I") that f(x) =x —3 +

=a=1b=-3andc =8

X
1+ 3x2

2) Let’s determine the limits of f in + oo

. _ 8x
At +oo, Limy_, e f(x) = limy, o0 [x -3+ 3x2+1]

8 . 1
7| = 40 since ;—>0.asx—>+oo

= lim x
xX=+eo X 3x+;

At —oo, limy__q f(x) = limy_,_o (% ( -3+ N 2+1) = lim,,_o x [1 -—+ 3x+_] = —o0

Therefore

lim f(x) = +oo0and hm flx) =

X—+00

3) Let’s show that f is differentiable and calculate its derivative
* f is made up of three parts x — 3,8x and 3x? + 1 all differentiable on R or on |—o0; +oo[
therefore f is itself dif ferentiable onR or on |—o0; +oof ... ... ... ... (@)

2_
Hence Vx € ]—oo; +oof.or R, we have f'(x) = [x -3+ 2+1] =1+ %... e (D).
24x% —48x + 8
Henc From (a), f (x) is dif ferentiable on R and from (b), f'(x) =1+ G2 1 12
e

4) Let’s draw the table of variation of f.
Vxe |—0; 0] f'(x) > 0, hence positive and Vxe[0; +oo[ f'(x) > 0 hence increasing.
There no turning points since x has no real value(s). Intercepts: when x0 subsituting x =

0intoy = f(x) givesy = 30-1° _ _3 hence (0; —=3)
Y 9 Y 3(0)2+1 ) ! '
_1\3
When f(x) = 0we've 0 = 3;;2 & x = 1, hence (1;0)
| X | —o0 0 +oo
f'(x) + +
+o00
f(x)
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+

5) Let’s show that the curve (C) has the line (D): y = x — 3, as oblique asymptote lim,_, 4. [f(x) —
] = limy, 1o |x [ —3+ —(x— 3)] = limy o0 [3;%] =0...(k)
Therefore

1+3x2

| Theliney = x — 3 is an oblique asymptote to (C) from (k) | ®

6) Let’s study the relative positions
8x
We have f(x) —y = ——
f(x) — y depends on that of 8x, and we have that

X
Vx € |—0;0],8x < 0 and 21 <0=f(x) —y<0,thus negative,Vx € |—o0;0] ... ........ (1)
X

Vx € [0; +oo[ 8x > 0 and Fr ey > 0,hence f(x) — y, thus positive ... .... (2)
| From (1) f(x) < y hencef (x)is below y¥x € ]—o0; 0] and from (2) f(x) >y, hence f(x)is above y,Vx € [0; +oo[ |

7) Let’s give the equation of tangent (T). to (C) at the point of x —coordinate 0. And trace
(T), (D)and (C).

An equation of tangent to'a curve at x, is given by y — f(xy) = f'(xo)[x — x0]; xo =0
Substituting for xq.= 0 in the above we've

3(xo 1) 24x0 48x0+8 _ _ oo 3 B _
3x2+1] [ (32+1) ](x xO)_y+3—9x; Xg=0&y=9x—-3

equation of tangentisy = 9x — 3 |

Let’s trace (D), (T) and (C).

v

(T

gx)

D)
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8) Let’s show that the curve(C) has the centre of symmetry.
9) Let’s show that the equation f(x) = 1 has a single solution in R denoted as «a.
10) Let’s give the approximate value of a to 1072 nearby excess.
Part 11 (3mks)
3(sin(x)-1)3

Given the function f defined by on R by g(x) = 352 ()4 1

1) Let’s show that g is differentiable on R and calculate g’(x)
* g consists of functions 3(sin(x) — 1)2 and sin?(x) + 1 which are all differentiable on R thus g is
differentiableon R .............. @)

, _ (Gsin(x)-1)3\" _ 2cos(x)[sin?(x) cos(x)—3sin?(x)=15 sin(x)+9cos(x)] . .
*g'(x) = ( T ) = G011 Vx € R. Using quotient rule.
Therefore g’ (x) = [9cosx(sinx — 1)?(sin? x + 2sinx + 1)]/(3 sin? x + 1)?

__9cosx(sinx—1)%(sinx+1)?
- (3sinx+1)2
Therefore 9cosx(sinx — 1)?(sinx + 1)?

9’ = (3sinx + 1)2

2. Let’s draw the table of variation of
9cosx(sinx—1)2(sinx+1)?
(3sinx+1)2

At turning points g'(x) = 0 = = 0 and get
cosx=0=x=02n+Dm,sinx =1,—1.We have x € {_7”, %} in the range [— T, n]

g(—m) = =3 and g(w) = —3 /and g(0) = =3

x| —m X g T

9' () h . _

9() \_6 " .

3) Let’s draw or plot a new drawing the representative curve of g.

g(x)4

»




