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Exercise 1 (4mks)
1* Let’s put £(t) in the form f(t) = e*t
We have f(t) = 27F = 27002 = ("IN = okt o = ] 2;

Therefore

‘ f(t) =ekt =e-In2t ke R

*x Let’s evaluate [ f(t)dt
We have [ f(t)dt = [e(-1"2)t 4t = —ﬁe(‘lnz)t + c; cR,
Thus we have

In 2

ff(t)dt——iz 2+cc€eR

2) Let’s that the sequence (U,),s; defined by U,, = ffn 272dt is geometrical with common ratio%

n+1

1 . .
If we have — =3 , then U,, is a geometrical sequence ;

n

We have U,, = — (e‘" —e") & Uyyy = E(Z (1) _ 2+ therefore we have

Un+1 —_ (2 (n+1)_ 2(n+1)) —_ 5(2_ —% Zn) 1 1 . .
U, 2 g T 5 thuswe'have. | since 3“ > (U,)n=1 is not a geometrical sequence

3) Given that, S, = X7\, U;, Let’s expressS,, in.terms "
of n. We have S,, = U; + U, + ---+ U, Since the
sequence(U,,),=1 IS not a geometrical sequence we cannot find S,, in term of n.

Exercise 11 (3mks)

2
1-Let’s solve the differential equation, Z—x)z/ =16y =10..... (E),giventhaty =1 % = 0 when x = 0.
Let the characteristic equation of be 72 = 16 =0 © (r + 4)(r — 4) = 0 = r = +4 . Therefore the
particular solution of (E) is the set of function of the form:
y+— Ae** + Be™**;A,BER......... (E"

We have % = 4Ae** — 4Be™** . .. ... (E")

Substitutingy = 1,% = 0 whenx = 0into (E")and (E") give us
A+B=1....00)

hA—4B=0 ...... (ii)

From (ii) A = B and substituting into (i) givesus A+ A =1

S A= % =B Therefore

y(x) = 7 (¥ + e7)

2) Let’s prove that

dv
V= % + Ae~*t, where k is a constant and given that I +kv=0.. .. (E)
Let homogenous the equation of (E) be — + kv=0& d—lt’ = —kv and collecting like terms we have
7= —kdt & f—dv = [ —kdt
S Inv=—kt+c,ceR i.e vn =€ Thtte = gkegl = pe~Kt; A = ¢ = constant

The particular solution of (E) is obtain when 2 E =0=ky,=g;2v, = ;
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The general solution of (E) is (t) = vy, + v, = Ae7kt + % i A keR ... ... (E'").
Therefore we have

v(t) = Ae Kt +% LA, keR .

3) Giventhat v = 0 when t = 0; let’s find t when v = z%

v=0when t=0;0=%+A= A=~ Substituting 4 and v =_"into (E") gives
g _-9_ %e‘kt from where e %t = % =t= %ln 2. Therefore

1
2k k t=-—In2
kn

Exercise 3 (4mks)
I)Let’ s calculate the following quantities

a) [—= 4+1 X ..... (), Let X = x? & dX = 2xdx subsitutin X and dX in (i), we have,

2x 1
fx4+1dx=fX2+1dX=arctan(X)+c;ce]R,butX=x2

& arctan(X) + ¢ = tan~1(x?) + ¢; ceR.

dx =tan~1(x?) + c, ceR.

Therefore, we have
f x*+1

1 t
b) B = |, ——dt o
Let t?2 = X & dX = 2tdt,i.e. tdt = — Hence B becomes

1,1 dx 1 _ 1 \
=y et =3 Jy 1 = 3 (tan ™ X)g = S (tan™ (x*))
1 tan~! 1 =tan~1 0) =
=3 (tan an_ - 0) = g jl
dt ==
Therefore o 1+1t* 8
1

c) f[smz(x) cosz(x)] dx.

Wehavef[ +— ]dx=f

in?2(x)  cos?(x) sin?2(x) \ fcosz (x)
= [ cosec?(x)d x + [ sec?(x)dx

= tan=!(x) + tan(x) + k, keR. Therefore

1 1
=tan™! ; keER
f [sinz 5 + cosz(x)] dx =tan"*(x) + tan(x) + k; k

d)D = [15—d

x x % x x x el
We haveD = f; Lerer et tdx = fol e dx =2 [ln(ez +e2 )]

e2e2+e2e 2 e2+e 2 0

= [ln(e +1) _E —1In 2] D isof form f};(( )) dx = In f(x). Thus

D_flex—ld _2[1 <e+1
), e 1T A"\ 2

)

1

2

|

Exercise IV
A transformation T of three dimensional space is defined by:

x' x 7 5 6
r=\y' |, = <y> , M| 4 3 3 |Wherekisaconstant.
! z 10 7 K

z
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A)Let’s find the value of k for which there is no inverse transformation matrix.
There will be no transformation matrix if detM = 0

7 5 6
SdetM=|4 3 3|=70B3k—21)—-5(4k —30) + 6(28 — 30) = | k=9 |
10 7 k

0, from wherek =9

b)If k = 9, let’s show that all the points (x; y; z) are transformed into points of the plan
2x'—y'=2'=0

Whenk = 9, M~ or M —inverse is undefined and r’ = M.r

x' 7 5 6\ /X x'=7x+5y+6z.... @)
(:)(y’)= (4 3 3) <y> orr'=Tx) =4 ¥y =4x+3y+3z.... (ii)) S
7z 10 7 9/ ‘\z z'=10x+7y +9z ...... (iii)

20— () — (i) e 2x'—y' —2' =2(7Tx+5y + 62) — (4x — 3y — 32z) — (10x +7y + 9z2)
& (14x — 14x) + (10y — 10y) + (122 — 12z) = 0, Hence

| 2x' —y' —z' = 0when k = 9 is an equation which transform the points (x,y,z)to (x',y',z")

c) Let’s find the value of M~* given that k = 8

7 5 6
detM =4 3 3|=7024-21)-532—30)+6(28—-30)=—1%0
10 7 8
€11 C12 €13 3 2 =2
c= (Cz1 C22 C23> =|{-2 -4 —1)
€31 €32 (33 -3 -3 1
. 3 2 -2 3 -2 =2
And (=1)+1,cT = <—z —4 —1) = < 2 -4 1 >
-3 -3 1 33 1
_ 3 2 -3
adjM = (-1t cT={-2 4 "3 | and
-2 a1 1
adjM 3 2 =3 -3 —2 3
-1 _ — | _ — — —
M~ == 2 43 |=(2 -4 -3
-2 /1 1 2. -1 -1
Then -3 -2 3
M™1= ( 2 —4 —3)
. W . 2 =1 -1
d) Let’s the point which is mapped into (6; 2; 9).
X 6 x 6 -3 -2 3 6 5
From ©, we have M~! and M (y) = <2> = <y> =M1 (2) = ( 2 -4 —3) <2) = <14>
z 9 z 9 2 -1 —-1/\9 1
| The pointis (x; y;2) = (5,14,1) | Thus
Exercise V (4mks)
The distribution table of discrete random variable is given below given that E(X) = 2.02
X=x 0 1 2 3 4
P(X =x) 0.12 p 0.4 q 0.08

a)Let’s calculate the value of p and g
We know that E(X) = ¥, x;P; ,Pie[0;1]
= 0x0.12 +1xp+2x0.4+3xq+4x0.4
=p+08+3¢qg=202=p+3¢g=09.....(0
Alsowe know that ¥ P, =1 012+p+04+q+008=1=p+q =04
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p+3g=09.... )
{p +g=04.... (i)

(i) — (ii) & 2q = 0.5 = q = 0.25. from (ii),p = 0.4 — 0.25 = 0.15. Therefore | > = 015 and g = 0.25

we’ve

b) Let’s calculate Var(X)

P; 0.12 0.15 0.4 0.25 0.08
X, 0 1 2 3 4
X, —E(X) -2.02 -1.02 -0.02 0.98 1.08
[X;,— EC)]? | 4.0804 1.04404 0.0004 0.9604 3.9204
[X; — E(X))?P, | 0.489648 0.15606 0.00016 0.2401 0.313632

We know that Var(X) = ¥, [X; — E(X)]* P;

= 0.489648 + 0.15606 + 0.00016 + 0.2401 + 0.313632 = 1.1996 | therefore Var(X) = 1.1996

c) Let’s calculate the mean and variance of Y = 3X — 2
We know that E(aX + b) = aE(X) + b, where a and b are constants

E(Y)=EGBX—-2)=E [3 (X - g)]
= 3E (X - g) = 3E(X) — 2, bt E(X) = 2.02, then we've

E(Y) = 3x2.02 — 2 = 4.06
Also we have Var(aX + b) = a?Var(X), similarly
Var(Y) = Var(3X — 2) = 32Var(X) = 9x1.1996 = 10.7964

Therefore [ g (v) = .06 and Var(Y) = 10.7964 |

2) Let’s find the probability that a batch is rejected.
The probability that a certain machine is defective
q = 0.05 and the probability that it"s not defectiveisp =1—q =1—0.05 = 0.95
Using Bernouilli law we have Y?=1°P(X =x) = 1and P(X = K) = CJ7 %% ¢  P(X = 1) +
PX=2)+YX.PX=x)=1
e Y. PX=x)=1-PX=1)~-P(X =2)
P(X = 1) = ¢£2(0.95)(0.05)° = 10x0.95(0.05)° = 1.5854687x10~11
Similarly P(X = 2) = €Z,(0.95)%(0.05)(10=2=8) = 1,5864257x10~°
= YM=10p(X = k) = 1~ [1.5854687x1011 + 1.5864257x107°]

= 0.9999
Therefore [ SP=19p(X = k) = 0.9999 |
Exercise VI (2mks)
4
Let’s find the algebraic form of the complex number Z = 4 ) 3
Z - (V3-i)

Modulus of Z; = V12 + 12 = /2 and argument 6 = tan"1(1) ==

4
Modulus of Z, = /(\/5)2 + (=1)2 = 2 and argument ¢ = tan™! (_—1) = —E Therefore

UJ

T, . m]? T . T

Z; _ [\/E(cosz+slnz)] _ 2(cos +sm2) 1 [(COS + sin )1 cos ™ T i ) ]

= = 2
Z; [2(C05(—%)+sin(—%))] 8(cos +sin= ) -1 2
Z; _ 1 . 2 . _
—1=—(cosz+smz) =1(cosn+smn)=—ll 1
Z, 2 2 2 2 2 7 =—_i
Therefore we have




